In this paper, the structural characteristic of urban multimodal transport system is fully analyzed and then a two-tier network structure is proposed to describe such a system, in which the firsttier network is used to depict the traveller's mode choice behaviour and the second-tier network is used to depict the vehicle routing when a certain mode has been selected. Subsequently, the generalized travel cost is formulated considering the properties of both traveller and transport mode. A new link impedance function is proposed, in which the interferences between different vehicle flows are taken into account. Simultaneously, the bi-equilibrium patterns for multimodal transport network are proposed by extending Wardrop principle. Correspondingly, a bi-level programming model is then presented to describe the bi-equilibrium based assignment for multiclass multimodal transport network. The solution algorithm is also given. Finally, a numerical example is provided to illustrate the model and algorithm.
Introduction
With the rapid development of economy, the transportation infrastructures have been improved significantly in the most cities of China, especially in some metropolitan cities like Beijing and Shanghai, where the integrated urban transportation systems have been established gradually. Synchronously, the modal share for passenger travel has been dramatically changed. Table 1 It shows that Beijing's transportation development mode is a typical multimodal transportation system. The system consists of different transportation subsystems or subnets for passenger cars, buses, trains, bicycles, and so forth, in which the multimodal traffic flows are interdependent and interactive. Obviously, the equilibriums between the various subsystems and within each subsystem are much more complicated than that for a pure private vehicle system. Thus, the following critical issues should be carefully considered for resolving the multimodal network equilibrium problem.
i The multimodal transportation network is a superposition or compound of various physical subnets for different transportation modes.
ii The performance of each mode depends on both self-demand and the demands in other modes, which means that there are interactions between different modes.
iii The traffic flow pattern in a multimodal network involves traveler's combined choice behaviors in which the travelers not only choose trip modes through the whole multimodal network but also select routes within each subnet.
iv The criteria of mode choice and route choice during a trip are usually different.
In the mode choice stage, the travelers' decisions are generally influenced by a combination of travel time, potential expense, and other factors. Once the trip mode has been selected, the travelers only care about how to minimize their travel time through route choice within the specific subnet. Therefore, different types of travelers have different psychological preferences for mode choice while the characteristics of travelers have no impact on their route choices.
v There are feedbacks between these two choices. Firstly, the traveler's mode choice results in the total demands for different transportation modes, which determines the traffic flows through the multimodal network. Secondly, the traffic assignment patterns corresponding to the route choice within subnets determine the travel time in the respective modes, which conversely affect the mode choice.
The user equilibrium UE assignment problem for the private vehicle traffic network has been formulated by Beckmann et al. 2 , Sheffi 3 , Patriksson 4 , and so forth. For multimodal networks, the earlier models 5-9 were developed for modal choice using logit type functions to split travel demand for each travel mode. However, these models cannot reflect a multimodal network's configuration and how the traffic flows are distributed in the network 10 . In order to overcome this, the combined or integrated models have been developed 11-13 , in which modal split and flow assignment are incorporated together. Based on the assumption that travel cost structures are either separable or symmetric, the above models were formulated as convex optimization programs. However, the assumption for the cost structure may be not realistic in certain situations 14, 15 . In order to model the asymmetric interactions, some general combined travel demand models were formulated as a variational inequality problem 10, 16-20 and a fixed point problem 21 . Although the above studies have combined the traveler's modal choice and traffic flow assignment, they usually focus on user equilibrium for path flow assignment within single mode traffic network. However, the multimodal equilibrium issue associated with mode split has rarely been explored, and few studies investigate the relationship between these two equilibriums.
From the viewpoint of economics, the transportation service can be measured by the generalized travel cost in addition to the expense charged. The generalized cost is not fixed given a specific trip but is dependent on travel demand. If many individuals choose to use a certain mode, it will get congested and its travel time will increase. In response, some travelers may take alternative modes. Consequently, the alternative modes can also be congested, which will push travelers back to the original mode. Therefore, the UE principle in a multimodal system includes two categorizes. One is the user equilibrium between different modes, and the other is the traditional user equilibrium among different routes in respective subnets. The first equilibrium derives from the monotonically increasing of the generalized cost of each mode with travel demand while the later one derives from travel time in a specific subnet also with the monotonically increasing nature of the link impedance functions. There exists a two-way influence between the two types of equilibriums. If the travel demands of transportation modes are all given, the demands will be assigned in each subnet based on traditional user equilibrium, under which the travel time of various transportation modes will be obtained. Subsequently, such travel times will lead to the changes in the generalized costs of different modes, and then the travelers will reselect transportation modes. Eventually, both user equilibrium between different modes and user equilibrium between different routes in each mode are achieved.
The generalized travel cost is associated with the properties of transportation mode, such as travel time, travel expense, and convenience. Meanwhile, the traveler's psychological preference is another important factor leading to different mode-choice behaviors. Different types of travelers may perceive different values of the properties stated above. For example, the high-income travelers will concern more about the factor of time while the low-income travelers will care more about the factor of expense. To account for multiple user classes that can be distinguished by the value of travel time, the multiclass, multicriteria traffic network equilibrium models were developed, in which each class of travelers perceives the travel disutility associated with a route as a subjective weighting for travel time and travel cost 22 . The models allow both travel time and travel cost of a link to depend on the entire link load pattern, rather than on the particular link flow only 23-25 . The multiclass, multicriteria models were further applied for dynamic traffic assignment 26 and multimodal network issues, such as using aggregate hierarchical logit structures for mode choice 17, 27 and extending the fixed point theory to the multimodal network equilibrium model 21 . However, the previous studies considered the factors of travel time and expense in the link impedance function, and the same criteria are adopted for the travelers' mode choice and route choice. So, the travelers have different preferences not only in the stage of mode choice but also for route choice. In fact, the influence factors of traveler's mode choice in the multimodal network and route choice in a single modal network are different. The generalized travel cost involving travel time, expense, or other factors should be addressed as user preference or multiclass problems in the stage of mode choice. Once travelers decide which mode they would take, travel time is the only factor for their route choices unless there is an imposed charge for selecting the shortest travel time, for example, toll for urban freeways. Such a special issue in the multimodal transportation system is beyond the scope of this study. Nevertheless, few studies clearly indicate the criteria difference between mode choice and route choice, neither is the issue formalised in previous multimodal network models.
In addition, the structure of multimodal system is generally more complicated than that of private car roadway system. Hierarchical structure is an efficient way to model the multimodal system with multiple subnet levels. Mainguenaud [35] [36] [37] presented an augmented network model for urban transit system. The route choice in the augmented transit network was defined according to the passengers' behaviors, and the corresponding network equilibrium model with an improved shortest path algorithm was developed for the urban transit assignment problem.
The objective of this study is to address the aforementioned concerns of the urban multimodal network equilibrium issue, including 1 assigning traffic based on both user equilibrium between different modes and user equilibrium between different routes; 2 adopting different criteria for travelers' mode choice and route choice behaviors, namely, using multiclass-related general travel cost in the stage of mode choice and traditional link impedance for route choice within each single mode subnet; 3 constructing a hierarchical network to describe the multimodal transportation system, in which the first-tier network is used to depict the travelers' mode choice behaviors and the second-tier network is used to describe travelers' route choice behaviors within the single mode subnets. In this paper, the biequilibrium patterns for multimodal transportation network are proposed by extending Wardrop principle. Correspondingly, a bilevel programming model with its solution algorithm is applied for the biequilibrium traffic assignment in the multimodal transportation network. Finally, a numerical example is provided to illustrate the model and algorithm.
Hierarchical Network for Multimodal Transportation System
In this paper, the multimodal transportation system is expressed as G N, A, K , where A is the set of roads, N is the set of nodes that usually represent the intersections or zones, and K is the set of transportation modes. Clearly, there are K subnets in the multimodal transportation system, and each subnet, represented by G k A k , N k , corresponds to transport mode k k ∈ K . Figure 1 illustrates a physical network example for the proposed multimodal network system, which consists of one O-D pair r-s , nine nodes, twelve roads, and three transportation modes car, bus, and bike . It shows that the different modes have different network structures. Figure 2 shows the subnets for different modes separately, in which the traveler can choose the different routes from node 1 to node 9. Generally, the traveler during a trip from origin to destination should make two successive decisions in the multimodal system. The first one is the mode choice in the whole network, and the second is the route choice in the corresponding subnet once a mode is selected. At the first stage, the multimodal system can be represented as a simple network by the different connections, as shown in Figure 3 .
According to the structural features of urban multimodal transportation system demonstrated above, a hierarchical network model can be used to describe such a system. In the model, each node is described by two variables n, k , where n n ∈ N denotes the location in the physical network and k k ∈ K denotes the transportation mode. Note that the notations of origin and destination nodes require special attention. An origin node is denoted as single variable r and a destination is denoted as s, where r and s designate their physical locations. The set of links connecting the different nodes is divided into two categories. One category includes loading link and unloading link, the end of which is either origin or destination; the other category only includes in-vehicle link that indicates connectivity in each subnet. Both categories are all described by two variables a, k , where a a ∈ A denotes the physical road and k k ∈ K denotes the transportation mode. The hierarchical multimodal transport system is described in Figure 4 .
In such a hierarchical network, the origin is connected with different subnets by the loading links. Similarly, the destination is connected with different subnets by the unloading links. If all travelers are assumed to complete their trips through only one mode, it implies that there should be no connectivity between subnets in the hierarchical network. Based on the hierarchical network, the multimodal transportation system can be used as a generalized network for traffic assignment or network analysis.
Travel Costs Based on Traveler's Characteristics
In this paper, all travelers are divided into I classes by socioeconomic attributes, assuming that the mode-choice decision is homogeneous within each class, but differs among classes. Moreover, the travel time of each mode depends on the travel demands for the mode, and the potential expense of each mode is included in the generalized travel cost for different travelers. The generalized travel costs of different modes for different traveler classes can be expressed as follows: 
Obviously, 3.2 can be rewritten as
In the traffic network, the link impedance function mainly describes the relationship between travel time and link flow. It should be noted that the interferences among different modes will occur in the multimodal traffic network if there are no physical barriers between different flows on the road. Therefore, the link impedance function in the multimodal traffic network is very different from that in a single-mode traffic network. The travel time of different modes is decided by not only the road flow of its own mode but also the road flows of the other modes. Accordingly, the link impedance function in multimodal traffic network can be formulated as In the multimodal traffic network, the link flow is defined as the number of vehicles including cars, buses, and bikes that have traveled over the road sections during a time unit, which is a congregative result by all travelers' mode choice and route choice behaviors. Therefore, the number of travelers can be looked upon as a variable in the link impedance function, by which the link flows and corresponding travel time can be calculated. Accordingly, the road flow can be represented by the travel demand as follows:
where x k a is the travel demand of mode k on road a; U k is the PCU conversion coefficient of mode k; A k is the occupancy rate of mode k, which indicates the average number of travelers within each vehicle of mode k.
As stated above, the road flows of different modes on road a can be expressed by the travel demand of corresponding mode on road a. Consequently, 3.5 can be rewritten as follows:
3.7
Conservations of Demand in Multimodal Transportation Network
Assuming that the total demands of different travelers between each O-D pair are given and fixed, for a certain class, the sum of demands of different modes equals the total demand between O-D pair, which can be represented as Thus, the total demand of mode k on road a is the sum of demand of different classes selecting mode k on road a, that is:
The following formulation can be gotten easily according to 4.5 and 4.9 : 
Biequilibrium Model for Multimodal Transport Network
Equilibrium is a central concept in numerous disciplines from economics and regional science to operational research/management science 38 . The example in transportation science is the famous Wardrop equilibrium. In the conventional equilibrium of transportation, the single-mode traffic network with purely automobile flow is considered, and only the motorists' route choices are examined, while the traveler's mode and route combined choices and the resulting complicated equilibrium in the multimodal traffic network have not been explored substantially.
As aforementioned, the UE principle in multimodal transportation system can be divided into two categories in order to be consistent with the travelers' combined choice behaviors. One category of equilibrium exists between different modes, where the generalized travel cost for a certain class selecting a certain mode is the same and the minimum generalized travel costs of unselected transportation modes must not be less than the minimum cost between O-D pair. The other category is the traditional equilibrium among different routes in each single-mode subnet between O-D pair. The biequilibriums in the multimodal transportation system can be described as The relationship between them is described by the lower-level VI model with parameters in 5.5 . The lower-level problem represents the equilibrium assignment reflecting travelers' route choice behaviors within each subnet, and the goal is to find the equilibrium flows and corresponding travel time under the condition that the demands of different classes and selected different modes are all given. The variables q and x can be regarded as decision variables for the bilevel problem. The biequilibrium for the urban multimodal network can be achieved by solving the bilevel problem.
The equivalence between the solution to the previous model and the equilibrium conditions for multimodal transportation network is given as follows.
Assuming that q ∈ Ω is a solution to VI problem in 5.3 , then q is bound to meet the following conditions:
where η i w is the dual multiplier of the constraint condition 4.1 . Similarly, assuming that x ∈ Ψ is a solution to VI problem in 5.5 , then x is bound to meet the following conditions: 
Solution Algorithm
Due to the intrinsic complexity of model formulation, the bilevel programming problem has been recognized as one of the most difficult, yet challenging, problems for global optimality in transportation system. In the past decades, researchers 35, 36, 39-42 developed alternative solution algorithms for this problem. The sensitivity analysis-based method proposed by Tobin and Friesz 43 is used to solve the bilevel programming model proposed in this paper.
It is necessary to derive the derivatives of the decision variables with respect to the parameters for the lower-level problem in the sensitivity analysis approach. In our proposed problem, we need to calculate the derivatives of the optimal dual multiplier of the constraint condition in 4.6 , that is, the equilibrium of O-D travel time represented by µ , with respect to the travel demand represented by q . By assuming that the initial q 0 is given and other conditions are fixed, the equilibrium O-D travel time matrix for a multimodal traffic network, µ q 0 can be obtained by solving the lower level of the model. Through conducting a sensitivity analysis of VI model in 5.5 see appendix , the approximate differential coefficient, ∇ q µ, can be obtained. Then the response function can be approximated by the Taylor expansions. That is,
By substituting 6.1 into the upper-level problem, the whole optimization model can be simplified as one-level optimization problem. The solution of this one-level optimization will then be input into the lower level of the model to run the next iteration. By repeating the iteration process, it is possible to obtain an optimum solution for the above bilevel programming model. This process can be summarized as the following steps.
Step 1. Set the initial value q 0 , and set the number of iterations to i 1.
Step 2. Find the solution of the lower-level model, µ i .
Step 3. Find the linear equation of the matrix, µ q , through sensitivity analysis and Taylor expansion.
Step 4. Put the linear equation of the matrix into the upper-level model to update the value of q i by solving upper-level problem.
Step 5. Examine the convergence. If q i ≈ q i−1 or i N, then iteration stops, where N is the maximum number of iterations. Otherwise, set i i 1 and start a new iteration.
Note that both Steps 2 and 4 solve different VI models. The approach most commonly used to solve VI model is the popularly known "diagonalization" method, which mimics the Jacobi resp., Gauss-Seidel decomposition approach used for solving systems of equations 44 . The idea behind the method is to fix flows for all but one group of variables and to iteratively solve a sequence of separable subproblems which can be described as mathematical programs. As for VI model in 5. The Frank-Wolfe method or MSA method can be employed to solve the diagonalization problem 6.2 and 6.3 . Due to the limited space, the detailed process MSA method for 6.3 is given as follows here.
Step 1. Initialization: set x for any k and a. Set iteration n 1.
Step 2. Compute t k n a based on x k n a .
Step 3. Find the shortest route in subnet k between O-D pair w. Perform all-or-nothing assignment to load q k w and obtain y k n a for any k and a.
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Step 4. Compute
, ∀k, a. 6.4
Step 5. Convergence test: if a convergence criterion is met, stop. The current solutions, {x k n 1 a }, are the sets of equilibrium solutions; otherwise, set n n 1 and go to Step 2.
Numerical Example
A simple numerical example is used to illustrate the effectiveness of the proposed model and algorithm. The multimodal transportation system and the corresponding hierarchical network structure are, respectively, given by Figures 1 and 4 .
The following impedance functions are used in this example 18, 19 :
The relevant data of different roads are given in Table 2 , where the PCU conversion coefficient, the average occupancy rate, and potential expense, which are pertinent to different modes, are illustrated in Table 3 .
The values of γ 0.15, λ 4 are set for the parameters in 7.1 . In this example, the travelers are divided into two classes: i for the first class, α .5 indicate that this class is sensitive to the potential expense. The demands of these two classes are all assumed as 5000/Ph −1 . The convergences of the diagonalization method for the lower-level problem and the upper-level problem are, respectively, analyzed using the gap measure proposed by Boyce et al. 45 . The gaps at iteration n for the assignment models can be defined as
where y k n a is the auxiliary flow of mode k on link a at iteration n given by an all-or-nothing assignment based on link travel time, t k n a , and v i,k n w is the auxiliary demand of class i selecting mode k between O-D pair w at iteration n given by an all-or-nothing assignment based on the generalized costs, c i,k n w . Figure 5 shows the gaps against the iteration number for the lower-level problem and upper-level problem, respectively. It can be seen that the solution algorithm has a good convergence especially for the upper-level problem. It can be explained that the network structure of the traveler's mode choice in the upper-level problem is simpler than that of the traveler's route choice in the lower-level problem. Table 4 shows the equilibrium results of mode demand and the corresponding generalized costs of different classes. Table 5 shows the equilibrium results of road demand and the corresponding travel time of different modes.
Next, we analyze the impacts of the pertinent parameters in this example on the modal share and the performance of the whole network. Here, the shares of different modes, denoted by P k w , can be computed by
The total travel time of the network, denoted by T , is used to represent the performance of the whole network, that is:
Figures 6 a -6 d , respectively, show the changes in modal share and the total travel time of the whole network with the changes of the parameters α 1 , α 2 , which indicate the travelers' sensitivity to the factor of travel time or congestion . It shows that the share of bike and the total travel time of whole network will decrease while the shares of bus and car will increase symmetrically with the increasing of α 1 or α 2 . The travelers who select the bike mode with longer travel time will shift into the car or bus mode when such travelers become more sensitive to travel time.
Figures 7 a -7 d , respectively, display the changes in modal share and the total travel time with the changes of the parameters β 1 , β 2 , which indicate the travelers' sensitivity to the potential travel expense. It can be found that the share of bike and the total travel time will increase while the shares of bus and car will decrease with the increment of β 1 or β 2 . The travelers who select the bus or car mode will shift into the bike mode without any potential expense when such travelers become more sensitive to the potential expense. The previous results imply that the performance of the whole network in terms of total travel time would be better when the travelers are more sensitive to the travel time and less sensitive to potential expense.
The shares of various modes and the total travel time can be dramatically changed with the changes of α 1 , α 2 or β 1 , β 2 in a certain range. However, these values will not change significantly when these parameters reach a certain value. When the travelers are all excessive time-sensitive or cost-sensitive, the other factor can affect their mode choice behaviors to a very small extent. For example, when the travelers are very sensitive to the potential expense, they would not consider the factor of travel time. In such a condition, most of the travelers would choose bike as their traffic tools since they do not bear any costs. As the speed of bike is slowest, the total cost of network will reach the maximum. On the contrary, when the traveler is very sensitive to the travel time, they will not consider the factor of money. Therefore, the travelers always tend to choose the mode with the shortest travel time such as car . Simultaneously, the travel time of such mode will become longer and longer with its increasing demand. The equilibrium between different modes will be achieved ultimately, and the shares and the total travel time of the whole network will not be changed at such equilibrium. Assuming that the total number of travelers between O-D remains unchanged take the value of 10000 persons each hour , Figures 8 a and 8 b , respectively, show the change trends of the shares and the total travel time with the proportion of class I which is sensitive to the travel time. It can be shown that the share of bike mode will decrease and the share of car will go up slightly, while the share of bus remained unchanged. Meanwhile, the total travel time of whole network will increase with the increment of the proportion of class I. The results also imply that in the multiclass multimodal transportation network, the more travelers who focus on the factor of travel time, the lower the total travel time of network is.
Conclusions
This paper presents a biequilibrium traffic assignment model for multimodal transportation networks using the bilevel programming method. The model development is based on several important concepts that are not explored by the previous studies. First, a two-tier hierarchical multimodal network is proposed for the model, in which the first-tier network is used for mode choice and the second-tier network is used to for route choice in the single mode subnets. Second, the model distinguishes the criteria between mode choice and route choice. The mode choice behavior is based on the multiclass generalized travel cost while the route choice behavior is based on the travel time only. The generalized cost functions of different modes and the link impendence functions are formulated while the interferences between different modes are considered. The approach can better reflect traveler's preference and decision-making process in a multimodal transportation system. Third, the biequilibrium pattern of traffic assignment is firstly proposed for multimodal traffic network modeling. Its major advantage is integrating the separated two steps of mode split and traffic assignment in the traditional transportation planning method into a unified process.
The solution algorithm for the bilevel programming model is illustrated by a simple numerical example. The sensitivity analysis shows that as travelers are more sensitive to travel time, they are more likely to choose the mode with less travel time, which will mitigate the congestion of whole network. In contrast, as travelers are more sensitive to travel expense, they are more likely to choose the mode without expense, such as bike, which will aggravate the congestion of whole network. As for the travelers who are more sensitive to travel time, the changes of their choice behaviors will impact on the performance of whole network
